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Abstract  
 Empirical constructions having maximal contact numbers of unit balls as putative best 
ones are presented for 20-27 balls. 
 
 
1 Introduction 
 
 Consider n balls of the same (unit) radius in the 3 -dimensional Euclidean space when 
n is any but fixed number. If we assume that each pair of balls have at most one common 
(tangential, "touching" or "kissing") point, the number of such points is called the contact 
number of this ball-configuration. For each fixed number nN we may ask for configura-
tions which have maximal contact number, these maximal numbers are denoted by c(n) . 
 Many recent contributions deal with the maximal contact number of balls, using theo-
retical and empirical approach as well (see eg. all the references listed). The possible configu-
rations have many applications e.g. in material science and other fields of applied physics and 
chemistry. 
 This enlarged interest lead us to publish our 5 year old empirical investigations. The 
computer runs investigated all possible cases, so we may think our maximal ones are the real 
values of c(n). Our investigations are still in progress, so further results will be contributed 
soon. 
 Harboth [7] proved that in the plane the hexagonal grid (lattice) is the optimal configu-
ration for congruent circles. This means, that the centers of the circles fit on the grid  
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 For balls in three dimension we suspect that optimal configurations can be found in the 
3 -dimensional hexagonal grid as follows. First we place some balls in planes in the above 
planar manner, we call this set a layer. Second, put such layers onto each other: the layers are 
translated with the vector   T3/8,3/1,1   to get the neighbour layer (like the usual place-
ment of melons).  
 We use the following hexagonal coordinates for the centers of the balls:  P[i, j, k] H
T
  
refers to the k -th layer, so k is the vertical coordinate, and i, j are the horizontal ones as in (1). 
So, P has the the following (usual) Cartesian coordinates (D in the subscript):  
 
 
for  k  even :  
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for  k = 2l+1  even :  
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 In the tables in Section 2 we present the centers  F1  through Fn of the balls of our con-
figurations in hexagonal  [i, j, k] H
T
  coordinates, which can be transformed to Cartesian ones 
by (2) and (3) for visualization.  
 
 Theorem 4.1 of [5] states for  n   :  
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 The similar (also triangular) barycentric coordinate system is also used in chemistry, 
see e.g. [13]. 
 
 
2 Results 
 
 First we summarize in a table the maximal contact numbers c(n)  (found by computer), 
which can be considered putative maximal ones:  
 
n 20 21 22 23 24 25 26 27 
c(n) 64 67 72 76 80 84 87 90 
c(n)-3n   4   4   6   7   8   9   9   9 
3/2
)(6
n
ncn     7.6   7.7   7.6   7.6   7.7   7.7   7.8   8.0 
 
 In what follows we give one example for each of the above results.   F1 through  Fn are 
the centres of the balls, the rows below them are their hexagonal coordinates as defined in the 
Introduction. Double vertical lines separate the layers, which can be distinguished by the third 
coordinates. The colors of balls and their connections of separate layers are changing from la-
yer to layer. After the tables all the contacts  (Fi , Fj)  of the configuration are listed.  
 
 
20 balls  
 
 
 
 
 
Contacts:  
(F1,F2), (F1,F3), (F1,F7), (F1,F8), (F2,F3), (F2,F4), (F2,F5), (F2,F7), (F2,F9), (F2,F10), 
(F3,F5), (F3,F6), (F3,F8), (F3,F10), (F3,F11), (F4,F5), (F4,F9), (F4,F12), (F5,F6), (F5,F10), 
(F5,F12), (F5,F13), (F6,F11), (F6,F13), (F6,F14), (F7,F8), (F7,F9), (F7,F10), (F7,F15), 
(F7,F16), (F8,F10), (F8,F11), (F8,F15), (F8,F17), (F9,F10), (F9,F12), (F9,F16), (F9,F18), 
(F10,F11), (F10,F12), (F10,F13), (F10,F16), (F10,F17), (F10,F19), (F11,F13), (F11,F14), 
(F11,F17), (F11,F20), (F12,F13), (F12,F18), (F12,F19), (F13,F14), (F13,F19), (F13,F20), 
(F14,F20), (F15,F16), (F15,F17), (F16,F17), (F16,F18), (F16,F19), (F17,F19), (F17,F20), 
(F18,F19), (F19,F20),  
 
Total: c(20) = 64 . 
 
 
21 balls  
 
 
 
 
 
Contacts:  
(F1,F2), (F1,F3), (F1,F4), (F1,F9), (F1,F10), (F2,F4), (F2,F5), (F2,F10), (F2,F11), (F3,F4), 
(F3,F6), (F3,F9), (F3,F12), (F4,F5), (F4,F6), (F4,F7), (F4,F10), (F4,F12), (F4,F13), (F5,F7), 
(F5,F8), (F5,F11), (F5,F13), (F5,F14), (F6,F7), (F6,F12), (F6,F15), (F7,F8), (F7,F13), 
(F7,F15), (F7,F16), (F8,F14), (F8,F16), (F8,F17), (F9,F10), (F9,F12), (F10,F11), (F10,F12), 
(F10,F13), (F10,F18), (F11,F13), (F11,F14), (F11,F19), (F12,F13), (F12,F15), (F12,F18), 
(F13,F14), (F13,F15), (F13,F16), (F13,F18), (F13,F19), (F13,F20), (F14,F16), (F14,F17), 
(F14,F19), (F14,F21), (F15,F16), (F15,F20), (F16,F17), (F16,F20), (F16,F21), (F17,F21), 
(F18,F19), (F18,F20), (F19,F20), (F19,F21), (F20,F21),  
 
Total: c(21) = 67 . 
 
22 balls  
 
 
 
 
 
Contacts:  
(F1,F2), (F1,F3), (F1,F4), (F1,F8), (F1,F9), (F2,F4), (F2,F5), (F2,F9), (F2,F10), (F3,F4), 
(F3,F6), (F3,F8), (F3,F11), (F4,F5), (F4,F6), (F4,F7), (F4,F9), (F4,F11), (F4,F12), (F5,F7), 
(F5,F10), (F5,F12), (F5,F13), (F6,F7), (F6,F11), (F6,F14), (F7,F12), (F7,F14), (F7,F15), 
(F8,F9), (F8,F11), (F8,F16), (F8,F18), (F9,F10), (F9,F11), (F9,F12), (F9,F16), (F9,F17), 
(F9,F19), (F10,F12), (F10,F13), (F10,F17), (F10,F20), (F11,F12), (F11,F14), (F11,F18), 
(F11,F19), (F11,F21), (F12,F13), (F12,F14), (F12,F15), (F12,F19), (F12,F20), (F12,F22), 
(F13,F15), (F13,F20), (F14,F15), (F14,F21), (F14,F22), (F15,F22), (F16,F17), (F16,F18), 
(F16,F19), (F17,F19), (F17,F20), (F18,F19), (F18,F21), (F19,F20), (F19,F21), (F19,F22), 
(F20,F22), (F21,F22), 
 
Total: c(22) = 72 . 
 
23 balls  
 
 
 
 
 
Contacts:  
(F1,F2), (F1,F3), (F1,F4), (F1,F9), (F1,F10), (F2,F4), (F2,F5), (F2,F10), (F2,F11), (F3,F4), 
(F3,F6), (F3,F9), (F3,F12), (F4,F5), (F4,F6), (F4,F7), (F4,F10), (F4,F12), (F4,F13), (F5,F7), 
(F5,F8), (F5,F11), (F5,F13), (F5,F14), (F6,F7), (F6,F12), (F6,F15), (F7,F8), (F7,F13), 
(F7,F15), (F7,F16), (F8,F14), (F8,F16), (F9,F10), (F9,F12), (F9,F17), (F9,F19), (F10,F11), 
(F10,F12), (F10,F13), (F10,F17), (F10,F18), (F10,F20), (F11,F13), (F11,F14), (F11,F18), 
(F11,F21), (F12,F13), (F12,F15), (F12,F19), (F12,F20), (F12,F22), (F13,F14), (F13,F15), 
(F13,F16), (F13,F20), (F13,F21), (F13,F23), (F14,F16), (F14,F21), (F15,F16), (F15,F22), 
(F15,F23), (F16,F23), (F17,F18), (F17,F19), (F17,F20), (F18,F20), (F18,F21), (F19,F20), 
(F19,F22), (F20,F21), (F20,F22), (F20,F23), (F21,F23), (F22,F23), 
 
Total: c(23) = 76 . 
 
24 balls  
 
 
 
 
 
Contacts:  
(F1,F2), (F1,F3), (F1,F4), (F1,F9), (F1,F10), (F2,F4), (F2,F5), (F2,F10), (F2,F11), (F3,F4), 
(F3,F6), (F3,F9), (F3,F12), (F4,F5), (F4,F6), (F4,F7), (F4,F10), (F4,F12), (F4,F13), (F5,F7), 
(F5,F8), (F5,F11), (F5,F13), (F5,F14), (F6,F7), (F6,F12), (F6,F15), (F7,F8), (F7,F13), 
(F7,F15), (F7,F16), (F8,F14), (F8,F16), (F9,F10), (F9,F12), (F9,F17), (F9,F19), (F10,F11), 
(F10,F12), (F10,F13), (F10,F17), (F10,F18), (F10,F20), (F11,F13), (F11,F14), (F11,F18), 
(F11,F21), (F12,F13), (F12,F15), (F12,F19), (F12,F20), (F12,F22), (F13,F14), (F13,F15), 
(F13,F16), (F13,F20), (F13,F21), (F13,F23), (F14,F16), (F14,F21), (F14,F24), (F15,F16), 
(F15,F22), (F15,F23), (F16,F23), (F16,F24), (F17,F18), (F17,F19), (F17,F20), (F18,F20), 
(F18,F21), (F19,F20), (F19,F22), (F20,F21), (F20,F22), (F20,F23), (F21,F23), (F21,F24), 
(F22,F23), (F23,F24),  
 
Total: c(24) = y . 
 
25 balls  
 
 
 
 
 
Contacts:  
(F1,F2), (F1,F3), (F1,F4), (F1,F9), (F1,F10), (F2,F4), (F2,F5), (F2,F10), (F2,F11), (F3,F4), 
(F3,F6), (F3,F9), (F3,F12), (F4,F5), (F4,F6), (F4,F7), (F4,F10), (F4,F12), (F4,F13), (F5,F7), 
(F5,F8), (F5,F11), (F5,F13), (F5,F14), (F6,F7), (F6,F12), (F6,F15), (F7,F8), (F7,F13), 
(F7,F15), (F7,F16), (F8,F14), (F8,F16), (F8,F17), (F9,F10), (F9,F12), (F9,F18), (F9,F20), 
(F10,F11), (F10,F12), (F10,F13), (F10,F18), (F10,F19), (F10,F21), (F11,F13), (F11,F14), 
(F11,F19), (F11,F22), (F12,F13), (F12,F15), (F12,F20), (F12,F21), (F12,F23), (F13,F14), 
(F13,F15), (F13,F16), (F13,F21), (F13,F22), (F13,F24), (F14,F16), (F14,F17), (F14,F22), 
(F14,F25), (F15,F16), (F15,F23), (F15,F24), (F16,F17), (F16,F24), (F16,F25), (F17,F25), 
(F18,F19), (F18,F20), (F18,F21), (F19,F21), (F19,F22), (F20,F21), (F20,F23), (F21,F22), 
(F21,F23), (F21,F24), (F22,F24), (F22,F25), (F23,F24), (F24,F25), 
 
Total: c(25) = 84 . 
 
26 balls  
 
 
 
 
 
Contacts:  
(F1,F2), (F1,F4), (F1,F10), (F2,F3), (F2,F4), (F2,F5), (F2,F10), (F2,F11), (F3,F5), (F3,F6), 
(F3,F11), (F3,F12), (F4,F5), (F4,F7), (F4,F10), (F4,F13), (F5,F6), (F5,F7), (F5,F8), (F5,F11), 
(F5,F13), (F5,F14), (F6,F8), (F6,F9), (F6,F12), (F6,F14), (F6,F15), (F7,F8), (F7,F13), 
(F7,F16), (F8,F9), (F8,F14), (F8,F16), (F8,F17), (F9,F15), (F9,F17), (F9,F18), (F10,F11), 
(F10,F13), (F10,F19), (F10,F21), (F11,F12), (F11,F13), (F11,F14), (F11,F19), (F11,F20), 
(F11,F22), (F12,F14), (F12,F15), (F12,F20), (F12,F23), (F13,F14), (F13,F16), (F13,F21), 
(F13,F22), (F13,F24), (F14,F15), (F14,F16), (F14,F17), (F14,F22), (F14,F23), (F14,F25), 
(F15,F17), (F15,F18), (F15,F23), (F15,F26), (F16,F17), (F16,F24), (F16,F25), (F17,F18), 
(F17,F25), (F17,F26), (F18,F26), (F19,F20), (F19,F21), (F19,F22), (F20,F22), (F20,F23), 
(F21,F22), (F21,F24), (F22,F23), (F22,F24), (F22,F25), (F23,F25), (F23,F26), (F24,F25), 
(F25,F26),  
 
Total: c(26) = 87 . 
 
27 balls  
 
 
 
 
 
Contacts:  
(F1,F2), (F1,F4), (F1,F10), (F2,F3), (F2,F4), (F2,F5), (F2,F10), (F2,F11), (F3,F5), (F3,F6), 
(F3,F11), (F3,F12), (F4,F5), (F4,F7), (F4,F10), (F4,F13), (F5,F6), (F5,F7), (F5,F8), (F5,F11), 
(F5,F13), (F5,F14), (F6,F8), (F6,F9), (F6,F12), (F6,F14), (F6,F15), (F7,F8), (F7,F13), 
(F7,F16), (F8,F9), (F8,F14), (F8,F16), (F8,F17), (F9,F15), (F9,F17), (F9,F18), (F10,F11), 
(F10,F13), (F10,F19), (F10,F20), (F10,F22), (F11,F12), (F11,F13), (F11,F14), (F11,F20), 
(F11,F21), (F11,F23), (F12,F14), (F12,F15), (F12,F21), (F12,F24), (F13,F14), (F13,F16), 
(F13,F22), (F13,F23), (F13,F25), (F14,F15), (F14,F16), (F14,F17), (F14,F23), (F14,F24), 
(F14,F26), (F15,F17), (F15,F18), (F15,F24), (F15,F27), (F16,F17), (F16,F25), (F16,F26), 
(F17,F18), (F17,F26), (F17,F27), (F18,F27), (F19,F20), (F19,F22), (F20,F21), (F20,F22), 
(F20,F23), (F21,F23), (F21,F24), (F22,F23), (F22,F25), (F23,F24), (F23,F25), (F23,F26), 
(F24,F26), (F24,F27), (F25,F26), (F26,F27), 
 
Total: c(27) = 90 . 
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